We propose a calibrated multivariate regression method named CMR for fitting high dimensional multivariate regression models. Compared with existing methods, CMR calibrates regularization for each regression task with respect to its noise level so that it simultaneously attains improved finite-sample performance and tuning insensitiveness. Theoretically, we provide sufficient conditions under which CMR achieves the optimal rate of convergence in parameter estimation. Computationally, we propose an efficient smoothed proximal gradient algorithm with a worst-case numerical rate of convergence O(1/ ), where is a pre-specified accuracy of the objective function value. We conduct thorough numerical simulations to illustrate that CMR consistently outperforms other high dimensional multivariate regression methods. We also apply CMR to solve a brain activity prediction problem and find that it is as competitive as a handcrafted model created by human experts. The R package camel implementing the proposed method is available on the Comprehensive R Archive Network http://cran.r-project.org/web/packages/camel/.
Introduction
This paper studies the multivariate regression problem. Let X ∈ R n×d be the design matrix and Y ∈ R n×m be the response matrix, we consider a linear model
where B 0 ∈ R d×m is an unknown regression coefficient matrix and Z ∈ R n×m is a noise matrix (Anderson, 1958; Breiman and Friedman, 2002) . For a matrix A = [A jk ] ∈ R d×m , we denote its j th row and k th column by A j * = (A j1 , ..., A jm ) ∈ R m and A * k = (A 1k , ..., A dk ) T ∈ R d respectively. We assume that all Z i * 's are independently sampled from an m-dimensional distribution with mean 0 and covariance matrix Σ ∈ R m×m .
which results in a multi-task learning problem (Baxter, 2000; Caruana, 1997; Caruana et al., 1996; Thrun, 1996; Ando and Zhang, 2005; Johnson and Zhang, 2008; Zhang et al., 2006; Zhang, 2006) . Multi-task learning exploits shared common structure across tasks to obtain improved estimation performance. In the past decade, significant progress has been made on designing various modeling assumptions for multivariate regression. One popular approach is to assume that the regression coefficients across different tasks are coupled by some shared common factors so that B 0 has a low rank structure, i.e., rank(B 0 ) min (d, m) . Under this assumption, a consistent estimator of B 0 can be obtained by adopting either a non-convex rank constraint (Anderson, 1958; Izenman, 1975; Reinsel and Velu, 1998; Anderson, 1999; Reinsel and Velu, 1998; Izenman, 2008) or a convex relaxation using the nuclear norm regularization (Yuan et al., 2007; Amit et al., 2007; Argyriou et al., 2008; Negahban and Wainwright, 2011; Rohde and Tsybakov, 2011; Bunea et al., 2011 Bunea et al., , 2012 Bunea and Barbu, 2009; Mukherjee et al., 2012; Giraud, 2011; Argyriou et al., 2010; Foygel and Srebro, 2011; Johnson and Zhang, 2008; Salakhutdinov and Srebro, 2010; Evgeniou et al., 2006; Heskes, 2000; Teh et al., 2005; Yu et al., 2005) . Such a low rank multivariate regression method is often applied to scenarios where m is large.
Another approach is to assume that all the regression tasks share a common sparsity pattern, i.e., many B 0 j * 's are zero vectors. Such a joint sparsity assumption for multivariate regressions is a natural extension from sparse univariate linear regressions. Similar to using the L 1 -regularization in Lasso (Tibshirani, 1996; Chen et al., 1998) , group regularization can be used to obtain a consistent estimator of B 0 (Yuan and Lin, 2005; Turlach et al., 2005; Meier et al., 2008; Lounici et al., 2011; Kolar et al., 2011) . Such a sparse multivariate regression method is often applied to scenarios where the dimension d is large.
In this paper, we consider an uncorrelated structure for the noise matrix Z, i.e., Σ = diag(σ 
Such an assumption allows us to efficiently solve the resulting estimation problem with a convex program and prove that the obtained estimator achieves the minimax optimal rates of convergence in parameter estimation. 1 For example, many existing work propose to solve the convex program
where λ > 0 is a tuning parameter, R(B) is a regularization function of B, and ||A|| F = j,k A 2 jk is the Frobenius norm of a matrix A. Popular choices of R(B) include Nuclear Norm :
L 1,p Norm :
L 1,∞ Norm :
1. See more details on exploiting the covariance structure of the noise matrix Z for multivariate regression in Breiman and Friedman (2002) ; Reinsel (2003) ; Rothman et al. (2010) .
where r in (4) is the rank of B and ψ j (B) represents the j th largest singular value of B. The optimization problem (3) can be efficiently solved by the block coordinate descent algorithm (Liu et al., 2009a,b; Liu and Ye, 2010; Zhao et al., 2014a,c) , fast proximal gradient algorithm (Toh and Yun, 2010; Beck and Teboulle, 2009a,b) , and alternating direction method of multipliers (Boyd et al., 2011; Liu et al., 2014b) . Scalable software packages such as MALSAR have been developed (Zhou et al., 2012) .
The problem in (2) is amenable to statistical analysis. Under suitable conditions on the noise and design matrices, let σ max = max k σ k and ||X|| 2 = ψ 1 (X) denote the largest singular value of X, if we choose
Joint Sparsity :
for some c > 1, then the estimator B in (3) achieves the optimal rates of convergence 2 (Lounici et al., 2011; Rohde and Tsybakov, 2011) . More specifically, there exists some universal constant C such that, with high probability,
where r is the rank of B 0 for the low rank setting and s is the number of rows with non-zero entries in B 0 for the setting of joint sparsity. The estimator in (3) has two drawbacks: (i) All the tasks are regularized by the same tuning parameter λ, even though different tasks may have different σ k 's. Thus more estimation bias is introduced to the tasks with smaller σ k 's since they have to compensate the tasks with larger σ k 's. In another word, these tasks are not calibrated (Zhao and Liu, 2014) . (ii) The tuning parameter selection, as shown in (7) and (8), involves the unknown parameter σ max . This requires the regularization parameter to be carefully tuned over a wide range of potential values in order to get a good finite-sample performance.
To overcome the above two drawbacks, we propose a new method named calibrated multivariate regression (CMR) based on the convex program
where
. This is a multivariate extension of the square-root Lasso estimator (Belloni et al., 2011; Sun and Zhang, 2012) . Similar to the square-root Lasso, the tuning parameter selection of CMR does not involve σ max . Thus the resulting procedure adapts to different σ k 's and achieves an improved finite-sample performance comparing with the ordinary multivariate regression estimator (OMR) defined in (3). Since both the loss and regularization functions in (9) are nonsmooth, CMR is computationally more challenging than OMR. To efficiently solve CMR, we develop a smoothed proximal gradient algorithm with a worst-case iteration complexity of O(1/ ), where is a pre-specified accuracy of the objective value (Nesterov, 2005; Chen et al., 2012; Zhao and Liu, 2012; Zhao et al., 2014b) . Theoretically, we show that under suitable conditions, CMR achieves the optimal rates of convergence in parameter estimation. Numerical experiments on both synthetic and real data show that CMR universally outperforms existing multivariate regression methods. For a brain activity prediction task, prediction based on the features selected by CMR significantly outperforms that based on the features selected by OMR, and is even competitive with that based on the handcrafted features selected by human experts. This paper is organized as follows: In §2, we describe the CMR method. In §3, we investigate the statistical properties of CMR; In §4, we derive a smoothed proximal gradient algorithm for solving CMR optimization. In §5, we conduct numerical experiments to illustrate the usefulness of the proposed method. In §6, we discuss the relationships between our results and other related work.
we define the vector norms:
and C = [C jk ] ∈ R d×m , we define the inner product of A and C as A,
, where tr(A) is the trace of a matrix A. We use A * k = (A 1k , ..., A dk ) T and A j * = (A j1 , ..., A jm ) to denote the k th column and j th row of A. Let S be some subspace of R d×m , we use A S to denote the projection of A onto S, i.e., A S = argmin C∈S ||C−A|| 2 F . Given a subspace U ⊂ R d , we define its orthogonal complement as
define the Frobenius, spectral, and nuclear norms of A as ||A|| F = A, A , ||A|| 2 = ψ 1 (A), and ||A|| * = r j=1 ψ j (A), where r is the rank of A, and ψ j (A) is the j th largest singular value of A. In addition, we define the matrix block norms as
||A j * || p , and ||A|| ∞,q = max 1≤j≤d ||A j * || q , where 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞. It is easy to verify that ||A|| 2,1 and ||A|| * are dual norms of ||A|| 2,∞ and ||A|| 2 respectively. Let 1/∞ = 0, then if 1/p + 1/q = 1, ||A|| ∞,q and ||A|| 1,p are also dual norms of each other.
Method
We solve the multivariate regression problem in (1) by the convex program
where R(B) is a regularization function and can take the forms in (4), (5), and (6).
To understand the intuition of (10), we show that the L 2,1 -loss can be viewed as a special case of the weighted square loss function. More specifically, we consider the optimization problem
is the weight to calibrate the k th regression task. B * is an "oracle" estimator (not practically calculable) since it assumes that all σ k 's are given. Without any prior knowledge of σ k 's, we can use the following replacement of σ k 's,
We then recover (10) by replacing σ k in (12) by σ k . In another word, CMR calibrates different tasks by solving a regularized weighted least square problem with weights defined in (12).
Statistical Properties
For notational simplicity, we define a rescaled noise matrix
. Thus W is a random matrix with all entries having mean 0 and variance 1. We define G 0 as the gradient of ||Y − XB|| 2,1 at B = B 0 . We see that G 0 does not depend on the unknown quantities σ k 's since
Thus it serves as an important pivotal in our analysis. Moreover, our analysis exploits the decomposability of R(B), which is satisfied by the nuclear and L 1,p norms .
Definition 1 Let S and N be two subspaces of R d×m , which are orthogonal to each other and also satisfy S ⊆ N ⊥ . A regularization function R(·) is decomposable with respect to the pair (S, N ) if for any A ∈ R d×m , we have
The decomposability of R(B) is important in analyzing the statistical properties of the estimator in (10). The next lemma shows that if we choose S to be some subspace of R d×m containing the true parameter B 0 , given a decomposable regularizer and a suitably chosen λ, the optimum to (10) lies in a restricted set.
Lemma 2 Let B 0 ∈ S and B be an arbitrary 3 optimum to (10). We denote the estimation error as ∆ = B − B 0 and the dual norm of
The proof of Lemma 2 is provided in Appendix A. To prove the main result, we assume that the design matrix X satisfies a generalized restricted eigenvalue condition as below.
Assumption 1 Let B 0 ∈ S, then there exist positive constants κ and c > 1 such that
Assumption 1 is the generalization of the restricted eigenvalue conditions for analyzing univariate sparse linear models Bickel et al., 2009 ). Many design matrices satisfy this assumption with high probability (Lounici et al., 2011; Negahban and Wainwright, 2011; Rohde and Tsybakov, 2011; Raskutti et al., 2010) .
Main Result
We first present a deterministic result for a general norm-based regularization function R(·), which satisfies the decomposability in Definition 1.
Theorem 3 Suppose that the design matrix X satisfies Assumption 1. Let B be an arbitrary optimum to (10), and G 0 be the gradient of ||Y − XB|| 2,1 at B = B 0 . We denote
Let λ satisfy 2λΘ(N ⊥ , R) ≤ δ(c − 1) √ nκ for some δ < 1, and λ ≥ cR * (G 0 ).
3. Since (10) is not a strictly convex program, the optimum to (10) is not necessarily unique.
Then we have
where σ max = max 1≤k≤m σ k . Moreover, if we estimate σ k 's by
then we have
The proof of Theorem 3 is provided in Appendix B. Note that Theorem 3 is a deterministic bound of the CMR estimator for a fixed λ. Since W is a random matrix, we need to bound ||W|| 2,∞ and show that λ ≥ cR * (G 0 ) holds with high probability. For simplicity, we assume that each entry of W follows a Gaussian distribution as follows.
Assumption 2 All W ik 's are independently generated from N(0,1).
We then refine error bounds of the CMR estimator under Assumption 2 for calibrated sparse multivariate regression and calibrated low rank multivariate regression respectively .
Calibrated Low Rank Multivariate Regression
We assume that the rank of B 0 is r min{d, m}, and B 0 has a singular value decomposition
is the j th largest singular value with u j 's and v j 's as the corresponding left and right singular vectors. We define
We then define S and N as follows,
We can easily verify that B 0 ∈ S and the nuclear norm is decomposable with respect to the pair (S, N ), i.e., ||A + C|| * = ||A|| * + ||C|| * for A ∈ S and C ∈ N .
The next corollary provides the concrete rates of convergence for the calibrated low rank multivariate regression estimator.
Corollary 4 We assume that the design matrix X satisfies Assumption 1 with S and N chosen as in (15) and (16), and each column of X is normalized so that
We also assume that the rescaled noise matrix W satisfies Assumption 2. By Theorem 3, for some universal constants c 0 ∈ (0, 1), c 1 > 0, and large enough n, we take
then for some δ < 1, we have
The proof of Corollary 4 is provided in Appendix C. The rate of convergence obtained in Corollary 4 matches the minimax lower bound 4 presented in Rohde and Tsybakov (2011) . See more details in Theorems 5 and 6 of Rohde and Tsybakov (2011) .
Calibrated Sparse Multivariate Regression
We now assume that the multivariate regression model in (1) is jointly sparse. More specifically, we assume that B 0 has s rows with nonzero entries and define
We can easily verify that we have B 0 ∈ S and the L 1,p norm is decomposable with respect to the pair (S, N ), i.e.,
The next corollary provides the concrete rates of convergence for the calibrated sparse multivariate regression estimator.
Corollary 5 We assume that the design matrix X satisfies Assumption 1 with S and N chosen as in (19) and (20), and each column of X is normalized so that
We also assume that the rescaled noise matrix W satisfies Assumption 2. By Theorem 3, for some universal constant c 0 ∈ (0, 1) and large enough n, let
4. In the fixed design setting for the low rank regression, ||X|| 2 is supposed to increase as an order of √ n. Thus (18) should be viewed as a constant.
The proof of Corollary 5 is provided in Appendix D. Note that when we choose p = 2, the column normalization condition (21) becomes
which is the same as (17). Then Corollary 5 implies that with high probability, we have
The rate of convergence obtained in (23) matches the minimax lower bound presented in Lounici et al. (2011) . See more details in Theorem 6.1 of Lounici et al. (2011) .
Remark 6 From Corollaries 4 and 5, we see that CMR achieves the same rates of convergence as the noncalibrated counterpart in parameter estimation. Moreover, the selected regularization parameter λ in (18) and (22) does not involve σ k 's. Therefore CMR makes the regularization parameter selection insensitive to σ max .
Computational Algorithm
Though the L 2,1 norm is nonsmooth, it is nondifferentiable only when a task achieves exact zero residual, which is unlikely to happen in practice. This motivates us to apply the smoothing approach proposed by Nesterov (2005) to obtain a smooth approximation so that we can avoid directly evaluating the subgradient of the L 2,1 loss function. Thus we gain computational efficiency like other smooth loss functions.
Smooth Approximation
We consider the Fenchel's dual representation of the L 2,1 loss:
Let µ > 0 be a smoothing parameter. The smooth approximation of the L 2,1 loss can be obtained by solving the optimization problem
Note that the equality in (24) is attained with U = U B :
Nesterov (2005) has shown that ||Y − XB|| µ have good computational structures: (1) It is convex and differentiable with respect to B; (2) Its gradient takes a simple form as
is Lipschitz continuous in B with the Lipschitz constant γ/µ, i.e., for any B , B ∈ R d×m ,
Therefore we consider a smoothed replacement of the optimization problem in (10):
Smoothed Proximal Gradient Algorithm
We then present a brief derivation of the smoothed proximal gradient algorithm for solving (25). We first define three sequences of auxiliary variables {A (t) }, {V (t) }, and
, a sequence of weights {θ t = 2/(t + 1)}, and a nonincreasing sequence of step sizes
. At the t th iteration, we take
where u j and v j are the left and right singular vectors of H (t) corresponding to the j th largest singular value ψ j ( H (t) ). When R(H) = ||H|| 1,2 , we take
See more details about other choices of p in the L 1,p norm in Liu et al. (2009a) ; Liu and Ye (2010) . To ensure that the objective function value is nonincreasing, we choose
For simplicity, we can set {η t } as a constant sequence, e.g., η t = µ/γ for t = 1, 2, .... In practice, we cam use the backtracking line search to adjust η t and boost the performance. At last, we take
). Given a stopping precision ε, the algorithm stops when
Remark 7 The smoothed proximal gradient algorithm has a worst-case iteration complexity of O(1/ ), where is a pre-specified accuracy of the objective value 5 . See more details in Nesterov (2005) ; Beck and Teboulle (2009a) .
5. During this paper was under review, a dual proximal gradient algorithm was proposed for solving (10). See more details in Gong et al. (2014) .
Numerical Experiments
To compare the finite-sample performance between the calibrated multivariate regression (CMR) and ordinary multivariate regression (OMR), we conduct numerical experiments on both simulated and real data sets.
Simulated Data
We generate training data sets of 400 samples for the low rank setting and 200 samples for joint sparsity setting. In details, for the low rank setting, we use the following data generation scheme:
(1) Generate each row of the design matrix X i * , i = 1, ..., 400, independently from a 200-dimensional normal distribution N (0, Σ) where Σ jj = 1 and Σ j = 0.5 for all = j.
(2) Generate the regression coefficient matrix
, and all entries of L and R are independently generated from N (0, 0.05).
(3) Generate the random noise matrix Z = WD where W ∈ R 400×101 with all entries of W independently generated from N (0, 1) and D is either of the following matrices
For the joint sparsity setting, we use the following data generation scheme:
(1) Generate each row of the design matrix X i * , i = 1, ..., 200, independently from a 800-dimensional normal distribution N (0, Σ) where Σ jj = 1 and Σ j = 0.5 for all = j.
(2) Let k = 1, . . . , 13, set the regression coefficient matrix B 0 ∈ R 800×13 as B 200×13 with all entries of W independently generated from N (0, 1) and D is is either of the following matrices
In addition, we generate validation sets (400 samples for the low rank setting and 200 samples for the joint sparsity setting) for the regularization parameter selection, and testing sets (10,000 samples for both settings) to evaluate the prediction accuracy.
Remark 8 The scale matrices in (26) and (28) consider the scenario, where the regression tasks have different variances. The scale matrices in (27) and (29) consider the scenario, where all regression tasks have the equal variance.
In numerical experiments, we set σ max = 1, 2, and 4 to illustrate the tuning insensitivity of CMR. The regularization parameter λ of both CMR and OMR is chosen over a grid
We choose
for the low rank and joint sparsity settings. The optimal regularization parameter λ is determined by the prediction error as
where B λ denotes the obtained estimate using the regularization parameter λ, and X and Y denote the design and response matrices of the validation set.
Since the noise level σ k 's may vary across different regression tasks, we adopt the following three criteria to evaluate the empirical performance:
where X and Y denote the design and response matrices of the testing set. All simulations are implemented by MATLAB using a PC with Intel Core i5 3.3GHz CPU and 16GB memory. We set p = 2 for the joint sparsity setting, but it is straightforward to extend to arbitrary p > 2. OMR is solved by the monotone fast proximal gradient algorithm, where we set the stopping precision ε = 10 −4 . CMR is solved by the proposed smoothed proximal gradient algorithm, where we set the stopping precision ε = 10 −4 , and the smoothing parameter µ = 10 −4 . We compare the statistical performance between CMR and OMR. Tables 1-4 summarize the results averaged over 200 simulations for both settings. In addition, since we know the true values of σ k 's, we also present the results of the oracle estimator B * defined in (11). The oracle estimator is only for comparison purpose, and it is not a practical estimator. Tables 1 and 3 present the empirical results when we adopt the scale matrix D defined in (26) and (28) to generate the random noise. Though our theoretical analysis in §3 only shows CMR attains the same rates of convergence as OMR, our empirical results show that CMR universally outperforms OMR, and achieves almost the same performance as the oracle estimator. These results corroborate the effectiveness of the calibration for each task. In addition, we also examine the optimal regularization parameters for CMR and OMR over all replicates. We visualize the distribution of all 200 selected λ's using the kernel density estimator. In particular, we adopt the Gaussian kernel, and select the kernel bandwidth based on the 10-fold cross validation. Figure 1 illustrates the estimated density functions. The horizontal axis corresponds to the rescaled regularization parameter as follows:
We see that the optimal regularization parameters of OMR significantly vary with different σ max . In contrast, the optimal regularization parameters of CMR are more concentrated. This is consistent with our claimed tuning insensitivity. Oracle (1) Oracle (2) Oracle (4) CMR (1) CMR (2) CMR (4) OMR (1) OMR (2) OMR (4) (a) The low rank setting with D defined in (26) (2) CMR (4) OMR (1) OMR (2) OMR (4 Figure 1: The distributions of the selected regularization parameters using the kernel density estimator. The numbers in the parentheses are σ max 's. The optimal regularization parameters of OMR are more spread with different σ max than those of CMR and the oracle estimator.
Real Data
We apply CMR on a brain activity prediction problem which aims to build a parsimonious model to predict a person's neural activity when seeing a stimulus word. As is illustrated in Figure 2 , for a given stimulus word, we first encode it into an intermediate semantic feature vector using some corpus statistics. We then model the brain's neural activity pattern using CMR. Creating such a predictive model not only enables us to explore new analytical tools for the fMRI data, but also helps us to gain deeper understanding on how human brain represents knowledge (Mitchell et al., 2008) . As will be shown in the section, prediction based on the features selected by CMR significantly outperforms that based on the features selected by OMR, and is even better than that based on the handcrafted features selected by human experts. 
Data
The data are obtained from Mitchell et al. (2008) and contain a fMRI image data set and a text data set. The fMRI data are collected from an experiment with 9 participants.60 nouns are selected as stimulus words from 12 different categories (See Table 5 ). When a participant sees a stimulus word, the fMRI device records an image 6 . Each image contains 20,601 voxels that represent the neural activities of the participant's brain. Therefore the total number of images is 9 × 60 = 540. Since many of the 20,601 voxels are noisy, Mitchell et al. (2008) exploit a "stability score" approach to extract 500 most stable voxels. See more details in Mitchell et al. (2008) .
The text data set is collected from the Google Trillion Word corpus 7 . It contains the cooccurrence frequencies of the 60 stimulus words with 5,000 most frequent English words in the corpus with 100 stop words removed. In Mitchell et al. (2008) , 25 sensory-action verbs (See Table 6 ) are handcrafted by human experts based on the domain knowledge of cognitive neuroscience. These 25 words are closely related to the 60 stimulus words in their semantics meanings. For example, "eat" is related to vegetables such as "lettuce" or "tomato", and "wear" is related to clothing such as "shirt" and "dress".
When building multivariate linear models, Mitchell et al. (2008) use the co-occurrence frequencies of each stimulus word with 25 sensory verbs as covariates and use the corresponding fMRI image as response. They estimate a 25-dimensional multivariate linear model by the ridge regression. They show that the obtained predictive model significantly outperforms random guess. Thus, they treat these 25 words as a semantic basis.
In our experiment below, we apply CMR to automatically select a semantic basis from all 5,000 most frequent English words. Compared with the protocol used in Mitchell et al. (2008) , our approach is completely data-driven and outperforms the handcraft method in the brain activity prediction accuracy for 5 out of 9 participants.
6. Each image is actually the average of 6 consecutive recordings of each word. 7. http://googleresearch.blogspot.com/2006/08/all-our-n-gram-are-belong-to-you.html Mitchell et al. (2008) . They are handcrafted based on the domain knowledge of cognitive science, and are independent on the data set.
Category
Exemplar 1 Exemplar 2 Exemplar 3 Exemplar 4 Exemplar
Experimental Protocol in Mitchell et al. (2008)
The evaluation procedure of Mitchell et al. (2008) is based on the leave-two-out cross validation over all 60 2 = 1, 770 possible partitions. In each partition, we select 58 stimulus words out of 60 as the training set. Recall that each stimulus word is represented by 5,000 features and each feature is the co-occurrence frequency of a potential basis word with the stimulus word, we obtain a 58 × 5, 000 design matrix. Similarly, we can format the fMRI images corresponding to the 58 training stimulus words into a 58 × 500 response matrix. In the training stage, we apply CMR and OMR to select 25 basis words by adjusting the regularization parameters. We then use the remaining two stimulus words as a validation set and apply the estimated models to predict the neural activity of these two stimulus words. We evaluate the prediction performance based on the combined cosine similarity measure defined as follow.
Definition 9 (Combined Similarity Measure, Mitchell et al. (2008) ) Let u ∈ R m and v ∈ R m denote the observed fMRI images of two stimulus words in the validation set, and u ∈ R m and v ∈ R m denote the corresponding predicted fMRI images. We say that the predicted images u and v correctly label two validation stimulus words, if
We then summarize the overall prediction accuracy for each participant by the percentage of the correct labelings over all 1,770 partitions. Table 7 presents the prediction accuracies for the 9 participants. We see that CMR universally outperforms OMR across all 9 participants by 4.42% on average. Note that the statistically significant accuracy at 5% level is 0.61, CMR achieves statistically significant advantages for 8 out of 9 participants. Table 7 : Prediction accuracies evaluated using the experimental protocol in Mitchell et al. (2008) . CMR universally outperforms OMR across all participants.
An Improved Experimental Protocol
There are two drawbacks of the previous protocol: (1) The selected basis words vary a lot across different partitions of the cross validation and participants. Such high variability makes the obtained results difficult to interpret; (2) The automatic semantic basis selection method of CMR and OMR is sensitive to data outliers, which are common in fMRI studies. In this section, we improve this protocol to address these two problems in a more data-driven manner. Our main idea is to simultaneously exploit the training data of multiple participants and use the stability criterion to select more stable semantic basis words (Meinshausen and Bühlmann, 2010) . In detail, for each participant to be evaluated, we choose three other representatives out of the remaining eight according to who achieve the best three leave-two-out cross validation prediction accuracies in Table 7 . Taking Participant 2 and CMR as an example, the three selected representatives are Participants 1, 3, and 9 with the three highest accuracies of 0.783, 0.772, and 0.763. In this way, we could eliminate the effects of possible data outliers. We then combine the fMRI images of three representatives and formulate a multivariate regression problem with 1,500 dimensional response. We conduct the leave-two-out cross validation as in the previous protocol using the combined data set, and count the frequency of each potential basis word that appears in all 1,770 partitions. We then choose the 25 most frequent words as the semantic basis. Finally, we apply the same procedure as in the previous protocol on the current candidate participant and evaluate the prediction accuracy using the combined cosine score. Table 8 summarizes the prediction performance based on this improved protocol. We also report the results obtained by the 25 handcrafted basis. Compared with the results in Table 7 , we see that the performance of CMR is greatly improved. For Participants 1, 2, 3, 5, and 8, the prediction performance of CMR significantly outperforms the handcraft method. Moreover, since the candidate participant is not involved in the semantic basis word selection, our results imply that the selected semantic basis have good generalization capability across participants. Table 8 : Prediction accuracies evaluated used a more heuristic protocol. CMR significantly outperforms the handcrafted basis words for 5 out of 9 participants. Table 9 lists 35 basis words obtained by CMR using the improved protocol. The words in the bold font are common ones shared by all 9 participants. We see that our list contains nouns, adjectives, and verbs. These words are closely related to the 60 stimulus words. For example, lodge, hotel, and floor are closely related to "building" and "building parts"; green and fruit clearly refer to words in "vegetable"; built and using are related to "tools" and "man made objects". Table 9 : The 35 basis words selected by CMR using the improved protocol. The words in the bold font are shared by predictive models for all 9 participants.
Discussion and Conclusion
Two other related methods are the square-root low rank multivariate regression (Klopp, 2011) and the square-root sparse multivariate regression (Bunea et al., 2013) . They solve the convex program
The Frobenius loss in (31) makes the regularization parameter selection independent of σ max , but it does not calibrate different regression tasks. We can rewrite (31) as
Since σ in (32) is not specific to any individual task, it cannot calibrate the regularization. Thus it is fundamentally different from CMR. The calibration technique proposed in this paper is quite general, and can be extended to more sophisticated scenarios, e.g. the regularization function is weakly decomposable or geometrically decomposable (Geer, 2014; Lee et al., 2013) , or the regression coefficient matrix can be decomposed into multiple structured matrices (Agarwal et al., 2012; Chen et al., 2011; Gong et al., 2012; Jalali et al., 2010; Obozinski et al., 2010) . Accordingly, the extensions of our proposed theory are also straightforward. We only need to replace their squared Frobenius loss-based analysis with the L 2,1 loss based analysis in this paper.
Appendix A. Proof of Lemma 2
Note that the following two relations are frequently used in our analysis,
Since R(·) is decomposable with respect to (S, N ), (33) further implies
Since B 0 ∈ S, we have R(B 0 ) = R(B 0 S ). Then by rearranging (34), we obtain
Since B is the optimum to (10), by (34), we further have
Due to the convexity of || · || 2,1 , we know
By the Cauchy-Schwarz inequality, we obtain
where the last inequality comes from the assumption λ ≥ cR * (G 0 ) and the triangle inequality
. By combining (36), (37), and (38), we obtain
By rearranging (39), we obtain (c − 1)R( ∆ N ) ≤ (c + 1)R( ∆ N ⊥ ), which completes the proof.
where the second inequality comes from the assumption λ ≥ cR * (G 0 ) and the triangle inequality R( ∆) ≤ R( ∆ N ⊥ ) + R( ∆ N ), and the last inequality comes from (13) in Lemma 2. Meanwhile, by the triangle inequality, we also have
where the last inequality comes from the fact ||X ∆|| 2,∞ ≤ ||X ∆|| F . Combining (43) and (44), we obtain
where the last inequality comes from the definition of Θ(N ⊥ , R). By Assumption 1, we can rewrite (45) as
By Assumption 1 again, we obtain
We proceed with the standard deviation estimation. By (36), we have
Combining (48) with a simple variant of Assumption 1
we have
where the last inequality comes from (46). By (37), (38), and Lemma 2, we have
By (49) again, we have
Thus combining (50) and (52), we have
Appendix C. Proof of Corollary 4
We need to introduce the following lemmas for our proof.
Lemma 10 Suppose that we have all entries of a random vector v = (v 1 , ..., v n ) T ∈ R n independently generated from the standard Gaussian distribution with mean 0 and variance 1. For any c 0 ∈ (0, 1), we have
.
The proof of Lemma 10 is provided in Johnstone (2001) , therefore omitted.
Lemma 11 Suppose that we have all entries of W independently generated from the standard Gaussian distribution with mean 0 and variance 1, then there exists some universal constant c 1 such that
The proof of Lemma 11 is provided in Appendix E. Now we proceed to derive the refined error bound for the calibrated low rank regression estimator.
Proof Since we have all entries of W independently generated from N (0, 1), then by Lemma 10, for any c 0 ∈ (0, 1), we have 
Now conditioning on the event (1 − c 0 )n ≤ min 1≤k≤m ||W * k || 2 , we have
By Lemma 11, there exists some universal positive constant c 1 such that we have
Given any matrix A in N ⊥ , A has at most rank 2r (See more details in Appendix B of Negahban and Wainwright (2011) ). Then we have
Therefore we have Θ(N ⊥ , || · || * ) = √ 2r. Theorem 3 requires 2λΘ(N ⊥ , R) ≤ δκ(c − 1) √ n for some δ < 1.
Thus if we take
n(1 − c 0 ) , then we need n to be large enough
such that (58) can be secured. Then by combining (55), (56), (57), (47), and (53), we complete the proof.
Appendix D. Proof of Corollary 5
We need to introduce the following lemma for our proof.
Lemma 12 Suppose that we have all entries of W independently generated from the standard Gaussian distribution with mean 0 and variance 1, then we have
where 1/p + 1/q = 1.
The proof of Lemma 12 is provided in Appendix F. Now we proceed to derive the refined error bound for the joint sparsity setting. Proof Recall that we already have (55),
By Lemma 12, we have
Given any matrix A in N ⊥ , A has at most s nonzero rows. ||A j * || 2 2 = √ s||A|| F .
Therefore we have Θ(N ⊥ , || · || 1,p ) = √ s for any 2 ≤ p ≤ ∞. Theorem 3 requires 2λΘ(N ⊥ , R) ≤ δκ(c − 1) √ n for some δ < 1.
then we need n to be large enough
such that (62) can be secured. Then by combining (59), (60), (61), (47), and (53), we complete the proof.
where the last inequality comes from Jensen's inequality and the fact that |ω 1 | 1/q is a concave function of ω 1 for q ∈ [1, 2]. Eventually, by Hölder inequality, we obtain (E|ω 1 | q ) 1/q ≤ Eω 2 1 = 1.
Combing (69) and (70), we obtain
Then combing (68) and (71), we have
Taking the union bound over j = 1, ..., d and let ξ = 2 √ log d, we have
This finishes the proof.
